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I. INTRODUCTION
T HE Al + [1] and the Sr/Yb [2] , [3] frequency standards show a stability of better than 1 × 10 −16 at an averaging time of 1 h, and even more stable devices are being developed. However, it is challenging to run an optical frequency standard continuously as a clock for any length of time, so that it is difficult to incorporate such a device into a conventional time scale, which is based on time differences. In this paper, we present the results of a simulation of a time scale that can accept a device that provides only occasional frequency data in addition to the more traditional time differences. We also discuss two methods for incorporating this type of data into the time scale that is used to realize UTC(NIST).
Section II presents the details of the simulation. Also, we describe a time scale using the Kalman filter that can realize the combination of devices we have simulated. Sections III and IV present the simulation results of a time scale that incorporates a cesium fountain and an optical clock, respectively. In particular, we show how long and how often an optical frequency standard must be run in order to make the time scale comparable to the Cs-fountain time scale. Both simulated scales are based on free-running continuously operating hydrogen masers whose characteristics are derived from the real masers in the NIST clock ensemble. Some practical issues in an optical-clock time scale are also discussed in Section IV, and possible realizations of an optical-clock time scale are discussed in Section V. Section VI concludes this paper.
II. SIMULATION PROCEDURES
There are three steps in the simulation. First, we simulate a free-running time scale, a Cs fountain, and an optical frequency standard. The time scale algorithm is based on a measurement of the time differences every 720 s, which is the measurement interval that is used in the NIST ensemble. A conventional Kalman filter algorithm is used to estimate the frequency and frequency drift of the free-running time scale by using data from either the optical device or the cesium fountain. The frequency stability of the steered time scale is computed.
A. Clock Simulation
We model the characteristics of a "typical" hydrogen maser by using the data from our clock ensemble. The blue curve in Fig. 1 shows the modified Allan deviation of the measured time differences between two such masers. We assume that both masers have the same characteristics, so that the red curve in Fig. 1 , which is scaled by 1/ √ 2 relative to the blue curve, is our estimate of the stability of a single maser. The dotted lines in Fig. 1 show our model of the observed stability.
We generate a time series containing the sum of white frequency noise, flicker frequency noise, and random-walk frequency noise with noise parameters chosen so that the time scale, which consists of N identical masers, is more stable than a single H-maser by a factor of 1/ √ N. (This improvement is rigorously true for white noise processes, where there is no correlation between the noise contributions of each of the masers. Our experience is that it is also true for any noise process in an ensemble with no correlations.) Second, we apply the phenomenologically determined moving average algorithm in (1). This algorithm is chosen so as to make the frequency-stability curve flat for averaging times less than or equal to 20 000 s so that the simulation is close to the statistics of our masers. (The white phase noise for averaging times less than 2000 s in Fig. 1 is included in the model for the time-difference measurements.) In (1), x(n) denotes the generated data value at epoch n and y(n) denotes the output of the averaging process at the same epoch. The modified Allan deviation of the simulated maser is shown in Fig. 2 . An ensemble of N masers would have modified Allan deviation that was smaller by a factor
U.S. Government work not protected by U.S. copyright. The continuously operating cesium fountain is simulated by white frequency noise with a fractional frequency stability of 1.4 × 10 −15 at one day, which is typical Cs-fountain performance at low atom density [4] - [6] . We simulate an optical clock as having white frequency noise with the fractional frequency stability of 3.4 × 10 −16 at 1 s, which is typical for the Sr/Yb optical-lattice clock [2] , [3] . The simulated optical-clock data are truncated to match various operational schedules as discussed in the following.
B. Steering Algorithm
The Kalman filter is used to estimate the frequency and frequency drift of the free-running time scale with respect to the Cs fountain or the optical clock, and the frequency and frequency drift of the time scale are steered based on this estimate.
There are two basic equations in the Kalman filter [7] . Equation (2) is the system model, which predicts the state of the system at epoch k + 1 based on its state at epoch k. Here, X (k) is the estimate state vector of the system at epoch k, and X (k + 1|k) is the predicted state vector of the system at epoch k + 1. is the transition matrix, which links X (k) and X (k + 1|k); it is determined by the physical properties of the system. u is the process noise, which is characterized by the Q matrix. Equation (3) is the measurement model. The H matrix gives the relation between the state vector X and the measurement vector Z . v is the measurement noise, which is characterized by the R matrix. The R matrix is determined by the details of the measurement process, and its detailed specification is outside of the scope of this simulation. We assume that the white frequency noise of the maser will make a significant contribution to the R matrix, and that other contributions will be much smaller
The estimated state vector at epoch k + 1 is
where K is the Kalman gain matrix, which is given by [7, Ch. 4 ]
where
For our clock system, (2) becomes
where f diff is the fractional frequency difference between the time scale and the external frequency standard, d diff is the fractional frequency-drift difference, and t is the time interval between epoch k and epoch k + 1. The constant time interval is 720 s. The parameters η and ζ are the noise terms in frequency and frequency drift, respectively [8] , [9] . Since the frequency noise of the external frequency standard is assumed to be negligible, η mainly comes from the frequency noise of the free-running time scale. ζ is typically too small to be observed for a measurement time interval of 720 s. Thus, we set the variance of ζ to a small value. In other words, the model assumes that the frequency drift is essentially constant over the measurement interval of 720 s. If the Cs fountain is used as the reference, the measurement vector Z is the scalar frequency difference between the time scale and the Cs fountain measured every 720 s. If the optical clock is used as the reference, we do the preprocessing to get the average frequency difference between the time scale and the optical clock during the operation period of the optical clock. (As we discussed in the previous paragraph, this assumes that the frequency drift of the maser is constant during this interval.) Then we use the average frequency difference as the measurement vector Z .
The measurement process provides an estimate of frequency, so that the H matrix of the measurement system is
The frequency and frequency drift at epoch k + 1 are given by (4)
where K is the Kalman gain matrix, which can be calculated using (5) . Finally, we use the updated estimates to steer the time scale by adjusting its frequency and frequency drift.
III. SIMULATED PERFORMANCE OF A CS-FOUNTAIN TIME SCALE
In this section, we show the simulated performance of a time scale steered to a continuously operating cesium fountain. The results of the simulation are shown in Fig. 3 . The green dashed line is the estimate of the stability of a typical cesium fountain operating at low atom density. The solid curves show the stability of a steered time scale containing one or four masers. The stability of an ensemble of N masers would be scaled by a factor of 1/ √ N relative to the one-maser values. All of the ensembles are more stable than the cesium fountain standard for averaging times less than about ten days. Fig. 3 illustrates the statistical advantage of steering an ensemble of multiple masers rather than a single device. This point is discussed in more detail in Section V. This advantage is in addition to the ability of an ensemble algorithm to minimize the impact of the failure of any one of the masers and to provide a flywheel should the link to the cesium fountain fail for any reason.
A real-world Cs-fountain time scale, such as UTC(OP) which is generated at Paris Observatory (OP) in France [6] and UTC(PTB) which is generated at Physikalisch-Technische Bundesanstalt (PTB) in Germany [5] , has a quite similar performance to the red curve in Fig. 3 . For example, analyzing the UTC(OP) data during modified Julian date 56649-57514 indicates that the frequency stabilities of UTC(OP) are about 4.8 × 10 −16 at ten days and 2.4 × 10 −16 at 60 days. The small difference between UTC(OP) and our simulation may come from the time-transfer noise and the fact that the Cs fountain does not run exactly 100% of the time.
IV. SIMULATED PERFORMANCE OF A TIME SCALE WITH AN INTERMITTENTLY OPERATING OPTICAL CLOCK In Figs. 4-7 , the orange dotted line is the modeled stability of a Sr/Yb optical clock, with a stability dominated by white frequency noise with an amplitude of 3.4 × 10 −16 at 1 s. The green dotted line is the estimate of the stability of a continuously operating cesium fountain as in Fig. 3 . The solid curves show the stability of a time scale ensemble of one maser when its frequency and frequency drift are estimated from the optical clock data.
In Fig. 4 , the optical clock runs every half a day for either 12 or 24 min. In both of these cases, we can achieve the same performance as that of a continuously operating Cs-fountain time scale. The operation time of the optical clock is only 1.66%, for the blue curve. We can also see that there is little improvement if we double the running time to 24 min every 12 h. This is due to the maser's flat noise characteristics at times on the order of 1000 s (see Fig. 2 ). Fig. 5 shows the simulated performance of the same time scale with an optical clock running for various time intervals once a day. If we run an optical clock 12 h per day (gray curve), the frequency stability of the time scale will be improved to 3 times better than the Cs-fountain time scale for an averaging time of greater than ten days. Even with a 50% duty cycle, the stability of the steered time scale is significantly worse than that of the optical clock itself. Fig. 6 shows the simulated performance of the same time scale with an optical clock running 3 times every week. To achieve performance similar to that of a Cs-fountain time scale, we need to run an optical clock for at least 4 h, 3 times a week. Fig. 7 shows the simulated performance of the steered time scale with an optical clock running once a week. The optical clock must operate for 12 h each week to make the optical-clock time scale comparable to a Cs-fountain time scale. Practically, a free-running time scale can be significantly pulled by an abnormal hydrogen maser, and the error becomes larger over time. Thus, a frequent evaluation of the freerunning time scale using the optical clock is necessary to avoid a large timing error. From this perspective, the actual performance of a time scale steered once a week is unlikely to be as good as the simulation indicated in Fig. 7 . Fig. 8 shows the improvement that can be realized by steering an ensemble of N masers rather than just a single device as in Figs. 4-7 . The optical clock runs for 1 h per day in these simulations. The stability has an improvement of √ N , for all averaging times. Comparing Fig. 8 with Fig. 3 , for an averaging time of greater than ten days, using an ensemble of masers, instead of a single maser, does not reduce the instability of a Cs-fountain time scale, while there is an improvement of √ N for an optical-clock time scale by using an ensemble of masers. Comparing the black curve in Fig. 8 with the orange curve in Fig. 5 , the time scale composed of four masers and one optical clock running 1 h per day is better than the time scale composed of one maser and one optical clock running 2 h per day.
In summary, to achieve the same performance as a Cs-fountain time scale, it is necessary to run an optical clock according to one of the following options: 12 min per half a day, 1 h per day, 4 h per 2.33 day, or 12 h per week. The results are not sensitive to the assumed stability of the optical clock, provided only that it is much more stable than the freerunning time scale.
V. PRACTICAL REALIZATIONS
The time differences between the clocks in the NIST time scale ensemble and UTC(NIST) are reported to the BIPM periodically as part of the NIST contribution to the calculation of the BIPM time scales EAL, TAI, and UTC. Therefore none of these clocks can be steered, since only data from free-running clocks can be submitted to the BIPM. Because of this consideration, the steering that we have described must be realized without actually modifying the output signal of any clock. There are two methods for realizing this consideration.
In the first method, the steering would be applied to a phase stepper, which uses the free-running output of the maser linked to the optical clock as a reference signal, and the output of the phase stepper would be UTC(NIST). The algorithm that controlled the phase stepper would revert to a hold-over mode when the data from the optical clock was not available. The stability and accuracy of UTC(NIST) in this configuration would be determined by the free-running stability of the maser whose frequency was the reference for the phase stepper. (The phase stepper would make an additional contribution to this noise, but this contribution is very small compared to the noise of the reference maser.) The advantage of this method is its relative simplicity; the primary disadvantage is that this simple configuration has several single points of failure, so that some kind of hardware redundancy would be needed for a realworld implementation. A more sophisticated version of this method would include a system to compare the output of the phase stepper with the input frequency of the reference maser to confirm that the steering algorithm was being realized correctly. This would detect (but not necessarily correct) a failure of the phase stepper.
In the second method, the maser would act as a transfer standard between the optical clock and the NIST clock ensemble. The frequency difference between the maser and the optical clock would be used to adjust the parameters of the maser with respect to the time scale. The most important ensemble parameter is the frequency drift of the maser, which is often irregular and difficult to predict by other means. The frequency of the maser with respect to the ensemble is equivalent to the frequency of the ensemble with respect to the maser (but opposite sign), and the link between the maser and the optical clock transfers the frequency stability, and perhaps the frequency accuracy, of the optical clock into the time scale through the maser. The output of the time scale would continue to control a phase stepper as at present, and this output would continue to be UTC(NIST). The reference device for this phase stepper can be any of the clocks in the ensemble, since the ensemble algorithm will characterize all of them with respect to the maser that is linked to the optical clock, with an uncertainty that is determined to a great extent by the measurement noise of the time-difference data that is the input to the ensemble calculation. This noise is well characterized as white phase noise for the time interval between measurements that is currently used (720 s), and its magnitude sets the lower limit to the interval between measurements, which is determined by the consideration that the white phase noise of the measurement process have an impact that is much smaller than the noise processes of the contributing clocks.
If the data from the optical clock are not available, the stability and accuracy of UTC(NIST) would be determined by the free-running stability of the ensemble, which is generally better than the free-running stability of any of its contributing members. In the current realization of this method, the output of the phase stepper is reinserted into the ensemble calculation as a clock with a weight of zero, and the calculated offset of this signal in time and in frequency with respect to the ensemble is a direct validation that the phase stepper is operating correctly to realize the steering commands that have been transmitted to it.
In either method, the practical algorithm that is used to control the phase stepper and generate UTC(NIST) must be a compromise between time accuracy, which would favor an aggressive steering algorithm that would probably include time steps, and frequency stability, which would suggest a longer attack time that maximized the stability of the frequency of UTC(NIST) at the expense of its time accuracy. In addition, the steering algorithm would include data, received from the BIPM, giving the difference between UTC(NIST) and UTC and between UTC(NIST) and UTC, the rapid calculation of UTC. These data would compensate for any systematic frequency offset of the local optical clock with respect to the BIPM estimate of the frequency of TAI. These considerations are unchanged from current practices; the details are outside of the scope of this discussion. We note in passing that the current steering algorithm is implemented by periodic frequency adjustments with no time steps and that the algorithm considers time accuracy to be more important than frequency stability.
VI. CONCLUSION
This paper studies how to build a time scale with an intermittently operating optical clock, based on simulations. To achieve the same performance of a continuously operating Cs-fountain time scale, we find that it is necessary to run an optical clock 12 min per half a day, 1 h per day, 4 h per 2.33 day, or 12 h per week. These results are independent of the choice of an optical clock, as long as the optical clock's stability is well below that of the free-running time scale. There is a clear advantage to steering an ensemble of several masers rather than just one device.
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